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ABSTRACT 

The supersymmetry algebra for supermembranes, quantized in the light-cone gauge, exhibits 
central charges induced by wrapping the membrane around compact dimensions. These cen- 
tral charges are manifestly consistent with Lorentz symmetry. While the central charges raise 
the mass of the membrane states, they still leave the mass spectrum continuous, at least gener- 
ically. The lower bound on the mass spectrum is set by the winding number and corresponds 
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Supersymmctric matrix models that corre- 
spond to the reduction of supersymmetric gauge 
theories to one (time) dimension are rele- 
vant for a variety of problems. With an infinite- 
dimensional gauge group consisting of the area- 
preserving diffeomorphisms of a two-dimensional 
surface of certain topology, the model describes 
the quantum mechanics of a supermembrane 
in the light-cone gauge ||,|| . The group of area- 
preserving diffeomorphisms (or, at least, its sim- 
ple subgroup) can be approximated by SU(JV) in 
the large- N limit HQ. More recently, it was dis- 
covered that the collective dynamics of D-branes 
|6) is also described by various dimensional re- 
ductions of supersymmetric U(N) gauge theo- 
ries, where N now corresponds to the number 
of branes 0. Supersymmetric U(iV) quantum 
mechanics thus describes the dynamics of N D- 
particles H and represents a regularized version 
of the light-cone supermembrane. 

Here we report some recent results on super- 
membranes that are wrapped around compact 
dimensions in a flat eleven-dimensional space- 
time [^) . We consider the supersymmetry algebra 
and show that it remains consistent with eleven- 
dimensional Lorentz invariance. Furthermore we 
present a qualitative discussion on the nature of 
the mass spectrum for wrapped membranes and 
present arguments as to why it will remain con- 
tinuous. These results are derived in the con- 
text of the supersymmetric quantum mechanics 



that is obtained in the light-cone gauge. We start 
by introducing the supersymmetric gauge theory 
of area- preserving diffeomorphisms, paying atten- 
tion to various issues that are relevant for the su- 
permembrane winding. 

The area-preserving diffeomorphisms on the 
membrane spacesheet, parametrized by a 1 , a 2 , 
are defined by a r — > <j r + £ r (a) with 

d r (VA^e(<r)) = o, (i) 

where w(a) is the spacesheet density, whose inte- 
gral is normalized to unity. We may rewrite this 
condition in terms of dual spacesheet vectors by 

^(a)C{cj)=e rs F s {a). (2) 

In the language of differential forms the condition 
(0) is then be simply recast as dF = 0. The triv- 
ial solutions are the exact forms F = d£, or, in 
components, 

F s = d s Z{a), (3) 

for any globally defined function £(<x). The non- 
trivial solutions are the closed forms that are not 
exact. On a Riemann surface of genus g there 
are precisely 2g linearly independent non-exact 
closed forms, whose integrals along the homology 
cycles are normalized to unity.u In components 

1 In the mathematical literature the globally defined exact 
forms are called "hamiltonian vector fields", whereas the 
closed but not exact forms which are not globally defined 
go under the name "locally hamiltonian vector fields" . 
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we write 

F.=<f> W . X=l,...,2g. (4) 

Here we note that the exact vectors generate 
an invariant subgroup ]l0[| . This follows from the 
commutator of two infinitesimal transformations 
corresponding to the forms and F,- 2 ' , which 
yields an infinitesimal transformation defined by 



F^=d r (^F^F^ 

'w 



(5) 



The presence of the closed but non-exact forms 
is crucial for the winding of the embedding mem- 
brane coordinates. 

In the light-cone formulation the Hamiltonian 
for a supermembrane moving in a flat eleven- 
dimensional spacetime, takes the form 



H-- 



- — - / d 2 cr^/w 



P a Pa 

2w 



\{X a ,X b } 2 



-P+9 7 - la {X a ,6} 



(G) 



Here the integral runs over the spatial compo- 
nents of the worldvolume denoted by a 1 and a 2 . 
In the above X a (a) (a = 1, ...,9) denote the 
transverse target-space embedding coordinates 
lying in T d x R 9_d and thus permitting us to have 
winding on the <i-dimensional torus T d . Accord- 
ingly P a (a) are their conjugate momenta. In this 
gauge the light-cone coordinate X + is linearly 
related to the world-volume time. The momen- 
tum P + is time independent and proportional to 
the center-of-mass value Pq times the spacesheet 
density \J w(a). The center-of-mass momentum 
Pq is equal to minus the Hamiltonian (||). More- 
over we have the fermionic variables #(<r), which 
are 32-componcnt Majorana spinors subject to 
the gauge condition 7+ 9 = 0. And finally we 
made use of the Poisson bracket {A, B} defined 
by 

{A(a), B{a)} = -2= e rs d r A{a) d s B(a). (7) 

V w ( a ) 

Note that the coordinate X~ itself does not ap- 
pear in the Hamiltonian (||). It is defined by 



PrtdrX- = - 



P-d r X 



- P+ h-dr 



(8) 



and implies a number of constraints that will be 
important in the following. 

Whereas the momenta P(c) and the fermionic 
coordinates 9(a) remain single valued on the 
spacesheet, the embedding coordinates, writ- 
ten as one-forms with components <9 r X(cr) and 
d r X~(a), are decomposed into closed forms. 
Their non-exact contributions are multiplied by 
an integer times the length of the compact direc- 
tion. The constraint alluded to above, amounts 
to the condition that the right-hand side of (||) is 
closed. 

The light-cone supermembrane and the collec- 
tive dynamics of D-branes are related in the con- 
text of M-theory the conjectured eleven- 
dimensional theory, which, upon compactifica- 
tion of the eleventh dimension to a circle, yields 
type-IIA string theory. From a ten-dimensional 
viewpoint the Kaluza-Klein states emerging from 
the compactification of eleven-dimensional super- 
gravity carry a Ramond-Ramond charge, just as 
generic D-branes [[l2|. The Kaluza-Klein states 
with lowest nonzero charge can thus be identi- 
fied with the D-particles, which, from the per- 
spective of IIA supergravity, can be identified as 
extremal black holes fb||l4| . The supermembrane 
can presumably be viewed as the result of the col- 
lective dynamics of arbitrarily large numbers of 
D-particles. This would then naturally explain 
the continuum of the supermembrane mass spec- 
trum m. 

These and other considerations led to the pro- 
posal that the degrees of freedom of M-theory 
are in fact captured in the large-iV limit of su- 
persymmetric matrix models pjq |. Viewed as a 
theory of D-particles it has been shown that the 
long-distance interactions between two particles 
is consistent with eleven-dimensional supergrav- 
ity p| |l^ , |l9| ] . By T-duality arguments one can 
define compactificd versions of the supersymmet- 
ric matrix models [ p^|JT7[ | and incorporate the ef- 
fect of virtual winding strings stretched between 
the D-particles. Recently further light has been 
shed on the relation between the matrix models 
and the known string theories |^o| , which involves 
second-quantized string states. The appearance 
of a second-quantized string spectrum seems to 
fit in with the instability of the supermembrane, 
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which collapses into states of multi-membranes 
connected by infinitely thin strings of arbitrary 
length. In the context of the matrix model this 
phenomenon was stressed already in fLq , 

One of the crucial aspects of the proposal of 
16 1 is that the supersymmetric matrix models 
lack Lorentz invariance. It is known that Lorentz 
invariance is realized in the N — > oo limit (at 
least, classically), although one needs to spec- 
ify additional data, which can be extracted from 
the supermembrane (l^,|2l|. We therefore wish 
to focus on supermembranes in flat, compact tar- 
get spaces, yielding a possibly different, but well- 
defined, viewpoint on the compactified large-TV 
models. Unfortunately we were unable to find a 
suitable generalization of the SU(iV) supersym- 
metric matrix model regularization of the super- 
membrane to the winding case. 

Let us now return to the issue of defining a 
supersymmetric gauge theory of area-preserving 
diffeomorphisms. While it has been known for 
quite some time j| that the light-cone super- 
membrane can be formulated in terms of such a 
gauge theory, emphasizing the membrane's resid- 
ual gauge symmetry from the start, it is a priori 
not obvious whether this equivalence continues 
to hold after introducing winding contributions. 
Under the full group of area-preserving diffeo- 
morphisms the fields X a , X~ and 8 transform 
according to 



sx a =^={; r d s x a , sx~ = ^=£ r d s x- 

\/W WW 



5e a =—^ r d a e : 

Jw 



(9) 



where the time-dependent reparametrization £ r 
consists of closed exact and non-exact parts. Ac- 
cordingly there is a gauge field uj r , which is there- 
fore closed as well, transforming as 



Suj r = d £ r + d r —= £ s LO t 



(10) 



and corresponding covariant derivatives 



D X a =d X a --=u r d s X a , 
J w 



D Q 8=d 8 j= uj r d s 

Jw 



(11) 



and similarly for DqX~. 

The action corresponding to the following la- 
grangian density is then gauge invariant under 
the transformations (||) and (|Io|), 



C=P+ 



±(D X) 2 + 8j-D 8 (12) 
-±(P+)- 2 {X a ,X b } 2 
+ {Kr ld ~l-la{X a ,8} + D <) X- 



where we draw attention to the last term propor- 
tional to X~ , which can be dropped in the ab- 
sence of winding and did not appear in Q. The 
action corresponding to (|l^) is also invariant un- 
der the supersymmctry transformations 

6X a =-2ej a 8, 
56=\ 1+ {D X a la + 1 _)e 

+ \{P+)- 1 {X\X b } 1+lab e, 
5u r =-2{P£)- l ed r 6. (13) 

The supersymmetry variation of X~ is not rele- 
vant and may be set to zero. The full equivalence 
with the membrane Hamiltonian is now estab- 
lished by choosing the ui r = gauge and passing 
to the Hamiltonian formalism. The field equa- 
tions for ui r then lead to the membrane constraint 
(||) (up to exact contributions), partially defining 
X~ . Moreover the Hamiltonian corresponding to 



the gauge theory lagrangian of (12) is nothing 



but the light-cone supermembrane Hamiltonian 
(||). Observe that in the above gauge-theoretical 
construction, the space-sheet metric w rs enters 
only through its density Jw and hence vanishing 
or singular metric components do not pose prob- 
lems. 

We are now in a position to study the full 
eleven-dimensional supersymmetry algebra of the 
winding supermembrane. For this we decompose 
the supersymmetry charge Q associated with the 
transformations ( |l5| ) as Q = Q + + Q~ , where 



to obtain 



(14) 



Q+= J d 2 a( K 2P a la + J^{X a ,X b } lab y, 



Q-=2P, 



-1-8. 



(15) 
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The canonical Dirac brackets are derived by the 
standard methods and read 



(X a (a),P b (a')) DB =S ab 6 2 (a-a'), 



(16) 



In the presence of winding the results given in 
yield the supersymmctry algebra 

(Qt, <9£)DB = 2( 7+ ) a/3 w 

-2( 7 a7+) Q/ 3 / d 2 a^{r,l-}, 



|(7a67+7-)a/3 d 2 a { X a , X b } , 



(QaiQ 



(17) 



where use has been made of the defining equa- 
tion (||) for X~. The new feature of this su- 
persymmetry algebra is the emergence of the 
central charges in the first two anticommuta- 
tors, which are generated through the wind- 
ing contributions. They represent topologi- 
cally conserved quantities obtained by integrat- 
ing the winding densities z a (a) — e rs d r X a d s X~ 
and z ab (a) — e rs d r X a d s X h over the space-sheet. 
It is gratifying to observe the manifest Lorentz in- 
variance of (p7|). Here we should point out that, 
in adopting the light-cone gauge, we assumed 
that there was no winding for the coordinate X + . 
Hence the consistent picture emerges, that su- 
permembranes may live in spacetimes subject to 
the sourcefree equations of motion of eleven di- 
mensional supergravity, with central charges in- 
duced by their own winding. In |0| the cor- 
responding algebra for the matrix regularization 
was studied. It coincides with ours in the large- 
N limit, in which an additional longitudinal five- 
brane charge vanishes, provided that one identi- 
fies the longitudinal two-brane charge with the 
central charge in the first line of (|l7j). This re- 
quires the definition of X~ in the matrix regular- 
ization, a topic that was dealt with in (To) . We ob- 
serve that the discrepancy noted in [ pL8| between 
the matrix calculation and certain surface terms 
derived in [Q, seems to have no consequences for 
the supersymmctry algebra. A possible reason for 



this could be that certain Schwinger terms have 
not been treated correctly in the matrix compu- 
tation, as was claimed in a recent paper 

In order to define a matrix approximation one 
introduces a complete orthonormal basis of func- 
tions Ya(<t) for the globally defined £(er) of (g). 
One may then write down the following mode ex- 
pansions for the phase space variables of the su- 
permembrane, 

d r X(<r)=X x tj> w r + Y, xA d r Y A (a), 

A 

A 

9(a)=J20 A Y A (a), (18) 

A 

introducing winding modes for the transverse co- 
ordinates X a . A similar expansion exists for X~. 
One then naturally introduces the structure con- 
stants of the group of area-preserving diffeomor- 
phism by Jl(J 

f AB c= J d 2 a e rs r Y A d s Y B Y c , 
fxBC=J d 2 ae rs <t> {x)r d s Y B Y c , 



fxx'C- 



d 2 ae r 



(A) r <P(X') s Yc ■ 



(19) 



(20) 



Note that with Yg = 1, we have Jabo = fxBo = 0. 
The raising and lowering of the A in- 
dices is performed with the invariant metric 
i]AB = J d 2 a ^/w Y A (a) Yb (cr) and there is no 
need to introduce a metric for the A indices. 

By plugging the mode expansions (|l^) into the 
Hamiltonian (|^) one obtains the decomposition 

ft=iP -P + 5P A Pa 

-fABcd C J-JaO B X aA 
~h B c0 C J-J a B X aX 

I 1_ p r yflA \rb \' vX" vX'" 

+ 4 J XX' JX"X'"0^. A A a A b 

, 1 r E f vaA v bB Y C vD 

+ 4 JAB JCDE A A A a A b 

+JXB JCDE^ A A a A b 

i 1 £ E p i^aA vb B vX' vB 

+ 2 JAB JX'DE^ ^ ^ a A 6 

i 1 r E r \raX vb B vC vA 

+ 2 AB JCX'E^ A sL a A fc 

aX vbX' vC vD 



+\ fxx ,E f( 



CDE 



x a x X); x 
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r E r \ra\ -ybX vA vD 

+/AA' J\"DE^ A A a A b 

1 r i£ f yaA \a6A' x^A" yA " 

+ 4/AA' JA"A'",E^ -A ^ a A b ' 

where here and henceforth we spell out the zero- 
mode dependence explicitly, i.e. the range of val- 
ues for A no longer includes A — 0. Note that for 
the toroidal supermembrane fxX'A — and thus 
the last three terms in (^oj) vanish. The fourth 
term represents the winding number squared. 
In the matrix formulation, the winding number 
takes the form of a trace over a commutator. We 
have scaled the Hamiltonian by a factor of P + 
and the fermionic variables by a factor (P^)^ 1 / 2 . 
Supercharges will be rescaled as well, such as to 
eliminate explicit factors of Pq~ , 

The constraint equation (ra) is translated into 
mode language by contracting it with e rs 0(a) s 
and e rs d s Yc, respectively, and integrating the re- 
sult over the spacesheet to obtain the two con- 
straints, 

^a=/aa<o(X a ' • P + X- y P+) + / AVC X A ' • P c 
+W(X B P c + 6 C 1 _6 B ) = 0, (21) 

^=W(X S -P C + F 7 _ 9 B ) 

+WX A -P c = 0, (22) 

taking also possible winding in the X~ direction 
into account. Note that even for the non- winding 
case X aX = 0, there remain the extra ip\ con- 
straints. 

The zero-mode contributions completely de- 
couple in the Hamiltonian and the supercharges. 
We thus perform a split in Q + treating zero 
modes and fluctuations separately to obtain the 
mode expansions, 

Q- = 2 7 -0°, Q + = Qf 0) +0 + , (23) 
where 

0+ 0) =( 2 P a 7a + /AA'O X a A X hx ' lab ) 6 Q , 
Q+= ( 2 Pg 7a + ] abc X aA X bB lab 
+2f XBC X aX X bB lab 
+fxx> C X aX X bx ' lab y c . (24) 

Upon introducing the supermembrane mass op- 
erator by 

M 2 = 2H - P • Po - I (/avo X aX X bX ') 2 , (25) 



the supersymmetry algebra (|l7]) then takes the 
form 

{Ql,Qt} = ^+UM 2 (26) 
-2(7 o7+ ) a/s /aa'o X a a (a- a ' P + + X A ' • P ) , 

{Qto )a >Qlo)p}= (27) 
(7+W (P ■ Po + K/aa'o A Q A A bA ') 2 ) 

+ 2( 7 a7+)a/ 3 /AA'0^ aA X A ' • P , 

{Q J) a >Qp} = ~ (7a 7+ 7-)a/3 ^0 (28) 

— | (7afc 7 +7-)a/3/AA'0^ aA ^ bA i 

{Qi,Q^} = {Oj)a»^> = °- (29) 

And the mass operator commutes with all the su- 
persymmetry charges, 

[Q + ,M 2 ] = [Ql v M 2 ] = [Q-,M 2 ] = 0, (30) 

defining a supersymmetric quantum-mechanical 
model. 

At this stage it would be desirable to present 
a matrix model regularization of the superme- 
mbrane with winding contributions, generalizing 
the SU(AT) approximation to the exact subgroup 
of area-preserving diffeomorphisms HQ , at least 
for toroidal geometries. However, this program 
seems to fail due to the fact that the finite- N ap- 
proximation to the structure constants f\BC vi- 
olates the Jacobi identity, as was already noticed 
in @. 

Finally we turn to the question of the mass 
spectrum for membrane states with winding. The 
mass spectrum of the supermembrane without 
winding is continuous. This was proven in the 
SU(AT) regularization Whether or not non- 
trivial zero- mass states exist, is not rigorously 
known (for some discussion on these questions, we 
refer the reader to |22]j23| , p4[ ) . Those would coin- 
cide with the states of eleven-dimensional super- 
gravity. It is often argued that the winding may 
remove the continuity of the spectrum (see, for in- 
stance, |2q| ). There is no question that winding 
may increase the energy of the membrane states. 
A membrane winding around more than one com- 
pact dimension gives rise to a nonzero central 
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charge in the supersymmetry algebra. This cen- 
tral charge sets a lower limit on the membrane 
mass. However, this should not be interpreted 
as an indication that the spectrum becomes dis- 
crete. The possible continuity of the spectrum 
hinges on two features. First the system should 
possess continuous valleys of classically degener- 
ate states. Qualitatively one recognizes immedi- 
ately that this feature is not directly affected by 
the winding. A classical membrane with wind- 
ing can still have stringlike configurations of ar- 
bitrary length, without increasing its area. Hence 
the classical instability still persists. 

The second feature is supersymmetry. Gener- 
ically the classical valley structure is lifted by 
quantum-mechanical corrections, so that the 
wave function cannot escape to infinity. This 
phenomenon can be understood on the basis of 
the uncertainty principle. Because, at large dis- 
tances, the valleys become increasingly narrow, 
the wave function will be squeezed more and more 
which tends to induce an increasing spread in its 
momentum. This results in an increase of the 
kinetic energy. Another way to understand this 
is by noting that the transverse oscillations per- 
pendicular to the valleys give rise to a zero-point 
energy, which acts as an effective potential barrier 
that confines the wave function. When the valley 
configurations are supersymmetric the contribu- 
tions from the bosonic and the fermionic trans- 
verse oscillations cancel each other, so that the 
wave function will not be confined and can extend 
arbitrarily far into the valley. This phenomenon 
indicates that the energy spectrum must be con- 
tinuous. 

Without winding it is clear that the valley con- 
figurations are supersymmetric, so that one con- 
cludes that the spectrum is continuous. With 
winding the latter aspect is somewhat more sub- 
tle. However, we note that, when the wind- 
ing density is concentrated in one part of the 
spacesheet, then valleys can emerge elsewhere 
corresponding to stringlike configurations with 
supersymmetry. Hence, as a space-sheet local 
field theory, supersymmetry can be broken in one 
region where the winding is concentrated and un- 
broken in another. In the latter region stringlike 
configurations can form, which, at least semiclas- 



sically, will not be suppressed by quantum cor- 
rections. 

We must stress that we are describing only 
the generic features of the spectrum. Our ar- 
guments by no means preclude the existence of 
mass gaps. To prove or disprove the existence of 
discrete states is extremely difficult. While the 
contribution of the bosonic part of the Hamilto- 
nian increases by concentrating the winding den- 
sity on part of the spacesheet, the matrix ele- 
ments in the fermionic directions will also grow 
large, making it difficult to estimate the eigen- 
values. At this moment the only rigorous result 
is the BPS bound that follows from the super- 
symmetry algebra. Obviously, the state of lowest 
mass for given winding numbers, is always a BPS 
state, which is invariant under some residual su- 
persymmetry. 

Meanwhile a number of papers have appeared 
that also address some of the issues discussed 
above Hi. 
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